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Abstract
In this paper, we establish the existence of solutions to systems of Hammerstein
integral inclusions under mixed monotonicity type conditions. Existence of solutions
to systems of diﬀerential inclusions with initial value condition or periodic boundary
value condition are also obtained. Our results rely on ﬁxed point theorems for
multivalued weak contractions on complete metric spaces endowed with a graph.
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1 Introduction






t, s,x(s), . . . ,xN (s)
)
ds ∀t ∈ [, ],∀i = , . . . ,N . (.)
Here, Hi : [, ]× [, ]× E × · · · × EN → Ei are multivalued maps with nonempty values
and Ei are Banach spaces.
Existence results for this problem have been established by many authors when N = .
In particular, in [–], the existence of a solution was obtained by applying a set-valued
Mönch type ﬁxed point theorem for multivalued maps while it was deduced from a ﬁxed
point theorem for condensing multivalued maps in []. Lispschitz type conditions were
imposed on H in [] and [], where existence results were deduced from Nadler ﬁxed
point results formultivalued contractions and for (ε,λ)-uniformly locally contractivemul-
tivaluedmaps, respectively. In [], Hong andQiu considered the case where E is endowed
with a partial order. Assuming that H is integrably bounded, increasing with respect to
x and assuming the existence of lower and upper solutions, he deduced the existence of
a solution from a Mönch type result for multivalued maps in ordered Banach spaces.
In , Ran and Reurings [] established a ﬁxed point result which is, in some sense, a
combination of the Banach contraction principle and the Knaster-Tarski ﬁxed point theo-
rem in a partially ordered set. They considered a continuous, monotone, order preserving
single-valued map f deﬁned on a complete metric space endowed with a partial ordering.
© 2015 Dinevari and Frigon. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
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They assumed that f satisﬁes a contraction condition not necessarily for all x and y, but
for those such that x ≤ y. Their result was generalized by Nieto and Rodríguez-López [,
] whoweakened the continuity and themonotonicity assumptions. Later, Jachymski []
presented an uniﬁcation of the previous results by considering completemetric spaces en-
dowedwith a graphG. He introduced the notion of single-valuedG-contraction for which
he obtained ﬁxed point results. Those results were extended tomultivaluedmaps on com-
plete metric space endowed with a graph in []. In particular, the notion of multivalued
weak G-contraction was introduced. This notion was new even in the single-valued case.
Nieto and Rodríguez-López [, ] applied their ﬁxed point results to periodic boundary
value problems for a ﬁrst order diﬀerential equation with a monotone right hand side
satisfying a Lipschitz type condition. Assuming the existence of a lower solution (or an
upper solution), they established the existence of a solution.
To the best of our knowledge, Opoıˇcev [, ] was the ﬁrst to establish ﬁxed point re-
sults for single-valued operators deﬁned on a Banach space ordered by a cone satisfy-
ing a mixed monotone condition. On the other hand, Guo and Lakshmikantham [] ob-
tained the existence of a coupled ﬁxed point to a mixed monotone single-valued operator
T :D×D→ E for D⊂ E and E endowed with a partial order. Inspired by the results in
[, , ] and [], Gnana Bhaskar and Lakshimikantham [] established a coupled ﬁxed
point result for a mixed monotone operator satisfying a contraction-type condition. They
applied their result to a periodic boundary value problem for a ﬁrst order diﬀerential equa-
tion under a mixed monotone condition and under the existence of a coupled lower and
upper solutions. In [], ﬁxed point results were obtained for multivalued mixed mono-
tone operators. Those results were applied to establish the existence of a solution to an
initial value problem for a system of diﬀerential inclusions with the right hand side satis-
fying a mixed monotone condition.
In this paper, we study the problem (.) with Banach spaces Ei endowed with a partial
order. We do not assume that the maps Hi have closed or compact values. Our main exis-
tence result is established in Section  where we assume that the multivalued mapsHi are
nondecreasing or nonincreasing with respect to each variable xj. The continuity type con-
dition imposed onHi is weaker than the notion upper semi-continuity. In Sections  and ,
we consider the particular cases where the maps Hi are, respectively, nonincreasing and
nondecreasing (upward or downward). This permits us to obtain existence results with a
weaker continuity type condition. This condition can be made even weaker if the order
on Ei satisﬁes an extra condition. In Section , we consider the case where some maps Hi
can be nondecreasing and nonincreasing with respect to some xj. Our existence results
rely on a slight modiﬁcation of the ﬁxed point result for multivalued weakG-contractions
obtained in [] and which is presented in Section . The application of this ﬁxed point re-
sult to our problem is very natural and appropriate. It is worth to point out that we do not
use the theory of coupled ﬁxed point results for mixed monotone operators. In Section ,
we present some examples of applications of our results to particular systems of integral
equations and to a system of integral inclusions.
In what follows, for E a Banach space, the space of continuous functions from [, ] to
E is denoted by C([, ],E) and endowed with the usual norm ‖u‖ = max{‖u(t)‖ : t ∈
[, ]}. For p ∈ [,∞[, we consider Lp([, ],E) the space of Bochner measurable func-
tions u : [, ] → E such that ‖u‖p is Lebesgue integrable on [, ], and we denote ‖u‖p =∫ 
 ‖u(s)‖p ds. For p =∞, L∞([, ],E) is the space of Bochner measurable functions which
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are essentially bounded. This space is endowed with the usual norm ‖u‖∞. We denote by
W ,([, ],E) the Sobolev space of absolutely continuous functions u : [, ]→ E such that
u′ ∈ L([, ],E).
2 Preliminaries onmultivalued G-contractions
2.1 Multivalued contractions on ametric space endowed with a graph
We recall some notions and results concerningmultivalued contractions on ametric space
endowed with a graph obtained in [].
Let (X,d) be a complete metric space. We consider a directed graph G such that the set
of its vertices V (G) = X and the set of its edges E(G) has no parallel edges and contains 
the diagonal in X ×X. We identify G with the pair (V (G),E(G)).
For x, y ∈ X and m ∈ N, (xi)mi= is called an m-directed path from x to y if x = x, y = xm,
and (xi–,xi) ∈ E(G) for every i = , . . . ,m. We denote





Observe that [x]G ⊂ [x]G ⊂ · · · ⊂ [x]G, since  ⊂ E(G).
For y ∈ [x]mG and z ∈ [x]G, we deﬁne











i= is anm-directed path from x to y
}
;















Notice that pm(x, y)≥ pk+m(x, y) for all k ∈N, and
p(x, z) = inf
{
pm(x, z) :m ∈N such that z ∈ [x]mG
}
,
since  ⊂ E(G).
Deﬁnition . Let F : X → X be a multivalued mapping.
() Letm ∈N. We say that a sequence {xn} is a Gm-Picard trajectory from x if
xn ∈ [xn–]mG ∩ F(xn–) for all n ∈N. We denote by Tm(F ,G,x), the set of all
Gm-Picard trajectories from x.
() We say that a sequence {xn} is a G-Picard trajectory from x if xn ∈ [xn–]G ∩ F(xn–)
for all n ∈N. We denote by T(F ,G,x), the set of all G-Picard trajectories from x.
Deﬁnition . Let F : X → X be a multivalued mapping.
() Letm ∈N. We say that F is Gm-Picard continuous from x if the limit of any
convergent sequence {xn} ∈ Tm(F ,G,x) is a ﬁxed point of F .
() We say that F is G-Picard continuous from x if the limit of any convergent sequence
{xn} ∈ T(F ,G,x) is a ﬁxed point of F .
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We recall the notions of contractions with respect to G introduced in [].
Deﬁnition . Let Y ⊂ X and F : Y → X a multivalued mapping with nonempty values.
() We say that F is a G-contraction if there exists λ ∈ ], [ such that, for all (x, y) ∈ E(G)
and all u ∈ F(x), there exists v ∈ F(y) such that
(u, v) ∈ E(G) and d(u, v)≤ λd(x, y).
() We say that F is a weak G-contraction if there exists λ ∈ ], [ such that, for all
x, y ∈ Y with y ∈ [x]G, and all u ∈ F(x), there exists v ∈ F(y) such that
v ∈ [u]G and p(u, v)≤ λp(x, y).
It is easy to verify that a G-contraction is a weak G-contraction. An example of a weak
G-contraction which is not a G-contraction is presented in [].
2.2 Fixed point results for G-contractions
Here is a ﬁxed point result for G-contraction established in [].
Theorem . Let F : X → X be a multivalued G-contraction. Assume there exist m ∈ N
and x ∈ X such that [x]mG ∩F(x) = ∅ and F is Gm-Picard continuous from x. Then there
exists a Gm-Picard trajectory {xn} converging to x a ﬁxed point of F .
Remark . () Arguing as in [], it can be shown that if F : X → X is a multivalued
G-contraction, then there exists α ∈ ], [ such that, for all y ∈ [x]mG and all u ∈ F(x), there
exists v ∈ F(y)∩ [u]mG such that pm(u, v)≤ αpm(x, y).
() The assumption of Gm-Picard continuity concerns
{{xn} ∈ Tm(F ,G,x) : {xn} converges}.
Looking at the proof of Theorem ., one sees that it is suﬃcient for the limit of a sequence
in the following set to be a ﬁxed point of F :
{






So, the assumption of Gm-Picard continuity can be weakened in Theorem ..
In practice, one realizes that it happens that the pair (u, v) in the deﬁnition ofG-contrac-
tion satisﬁes also some other properties. Taking into account this fact and the previous
remark, one can state a generalization of Theorem .. Its proof is analogous to the proof
of Theorem . and it is left to the reader.
Theorem . Let F : X → X be a multivalued map and, for every (x, y) ∈ E(G), let a prop-
erty P(x, y). Assume there exists m ∈N such that the following conditions hold:
(i) there exist x,x ∈ X such that x ∈ [x]mG ∩ F(x);
Dinevari and Frigon Journal of Inequalities and Applications  (2015) 2015:301 Page 5 of 33
(ii) there exists α ∈ ], [ such that, for all y ∈ [x]mG and all u ∈ F(x), there exists
v ∈ F(y)∩ [u]mG such that
pm(u, v)≤ αpm(x, y) and (u, v) satisﬁes the property P(x, y);
(iii) for any sequence {xn} ∈ Tm(F ,G,x) (with x, x given in (i)) such that (xn+,xn+)




its limit is a ﬁxed point of F .
Then there exists a Gm-Picard trajectory {xn} converging to x a ﬁxed point of F .
2.3 Fixed point results for weak G-contractions
Here is a ﬁxed point result for weak G-contractions obtained in [].
Theorem . Let F : X → X be a multivalued weak G-contraction. Assume there exists
x ∈ X such that [x]G ∩ F(x) = ∅ and F is G-Picard continuous from x. Then there exists
a G-Picard trajectory {xn} converging to x a ﬁxed point of F .
It is important to understand that if F is a G-contraction then for (x, y) ∈ E(G) and u ∈
F(x), there is v ∈ F(y) such that there is an -directed path from u to v such that d(u, v)≤
λd(x, y). On the other hand, if F is a weakG-contraction, for (x, y) ∈ E(G) and u ∈ F(x), one
cannot ensure that there is an appropriate element of F(y) on an -directed path from u.
Indeed, a suitable v ∈ F(y) could be on an N-directed path from u for some N strictly
bigger than . A particular case of weak G-contraction is when such N is the same for all
(x, y) ∈ E(G). Also, it could happen in practice that (u, v) satisﬁes some other properties.
The proof of the following result is analogous to the proof of Theorem . (see the proof
of Theorem . in []) and it is left to the reader.
Theorem . Let F : X → X be a multivalued map and m,N ∈ N. Let Pk(x, y) be a prop-
erty for every y ∈ [x]kG for k =mNn with n ∈N∪ {}. Assume the following assumptions:
(i) There exists x ∈ X such that [x]mG ∩ F(x) = ∅.
(ii) There exists α ∈ ], [ such that, for every x ∈ X , u ∈ F(x) and every y ∈ [x]kG with
k =mNn and n ∈N∪ {}, there exists v ∈ [u]kNG ∩ F(y) such that
pkN (u, v)≤ αpk(x, y) and (u, v) satisﬁes the property Pk(x, y).
(iii) For any sequence {xn} (with x given in (i)) such that xn ∈ F(xn–)∩ [xn–]mNn–G ,




its limit is a ﬁxed point of F .
Then there exists a G-Picard trajectory {xn} converging to x a ﬁxed point of F .
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3 Main results with mixedmonotonicity type conditions
3.1 Systems of Hammerstein integral equations withmixedmonotone conditions






t, s,x(s), . . . ,xN (s)
)
ds ∀t ∈ [, ],∀i = , . . . ,N ,
whereHi : [, ]× [, ]×E ×· · ·×EN → Ei are multivaluedmaps with nonempty values.
We assume that the Banach spaces Ei are endowed with a partial order  satisfying:







In this section, we establish existence results in the casewhere themapsHi satisfymono-
tonicity type conditions with respect to each variable xj. This could be nondecreasing type
conditions with respect to some variables and nonincreasing type conditions with respect
to the others.
We denote E = E × · · · × EN the Banach space endowed with the norm ‖(x, . . . ,xN )‖ =
‖x‖+ · · ·+‖xN‖, andH : [, ]× [, ]×E → E themultivaluedmap deﬁned byH(t, s,x) =
(H(t, s,x), . . . ,HN (t, s,x)).
We deﬁne the multivalued mapH : C([, ],E)→ E by








w(t, s)ds is continuous
}
. (.)
We look for solutions of (.) which are ﬁxed points of the multivalued map
F : C([, ],E)→ C([, ],E) deﬁned by
F(x) =
{






Here is our ﬁrst existence result.
Theorem . Let H : [, ]× [, ]× E → E be a multivalued map with nonempty values.
Assume the following conditions hold:




w,i(t, s)ds – x,i(t)
)
∀t ∈ [, ],∀i = , . . . ,N .
(ii) There exists φ : [, ]× [, ]→ [,∞[ such that
φ(t, ·) ∈ L([, ]) ∀t ∈ [, ] and sup
t∈[,]
∥∥φ(t, ·)∥∥ < ,
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and, for j = , . . . ,N , there is a map σj : {, . . . ,N} → {,–} such that, for every
x = (x, . . . ,xN ) ∈ C([, ],E), w ∈H(x) and every xˆ = (xˆ, . . . , xˆN ) ∈ C([, ],E) such
that xi = xˆi for i = j and xj(s) xˆj(s) for all s ∈ [, ] (resp. xˆj(s) xj(s) for all
s ∈ [, ]), there exists wˆ ∈H(xˆ) such that, a.e. s ∈ [, ] and all t ∈ [, ],








wi(t, s) – wˆi(t, s)
)) ∀i = , . . . ,N).
(iii) For every x,xn ∈ C([, ],E), w ∈ E and wn ∈H(xn), one has w ∈H(x) if
(a) xn → x and xn(t) =
∫ 
 wn–(t, s)ds for all t ∈ [, ] and all n ∈N;
(b) wn(t, s)→ w(t, s) and ‖wn(t, s)‖ ≤Mφ(t, s) + ‖w(t, s)‖ a.e. s ∈ [, ], all
t ∈ [, ], all n ∈N, and for someM ≥ .
Then (.) has a solution.
Proof We consider on C([, ],E) the graph G with V (G) = C([, ],E) and
(E(G)) one has ((x, . . . ,xN ), (y, . . . , yN )) ∈ E(G) if and only if one of the following
conditions holds:
(i) there exists j ∈ {, . . . ,N} such that, for all s ∈ [, ], xj(s) yj(s) and
xi(s) = yi(s) for all i = j;
(ii) there exists j ∈ {, . . . ,N} such that, for all s ∈ [, ], yj(s) xj(s) and





w(t, s)ds ∀t ∈ [, ],
where w is given in Assumption (i). One has x ∈ F(x). Observe that
(x,,x,, . . . ,x,N ), (x,,x,, . . . ,x,N ), . . . , (x,, . . . ,x,N )
is an N-directed path from x to x. So, x ∈ F(x)∩ [x]NG .
We consider the following properties:
(P) For (x, xˆ) ∈ E(G), we say that (u, uˆ) ∈ P(x, xˆ) if, for all w ∈ H(x) such that u(t) =∫ 
 w(t, s)ds for all t ∈ [, ], there exists wˆ ∈H(xˆ) such that
(a) uˆ(t) =
∫ 
 wˆ(t, s)ds for all t ∈ [, ];
(b) ‖w(t, s) – wˆ(t, s)‖ ≤ φ(t, s)‖x – xˆ‖ a.e. s ∈ [, ] and all t ∈ [, ].
(PN ) For y ∈ [x]NG , we say that (u, v) ∈PN (x, y) if there exist (xk)Nk= and (uk)Nk= N-directed
paths from x to y and from u to v, respectively, such that (uk–,uk) ∈ P(xk–,xk)
for k = , . . . ,N . Hence, for all w ∈ H(x) such that u(t) = ∫  w(t, s)ds, there exists
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and
∥∥w(t, s) –wN (t, s)∥∥ ≤
N∑
k=
∥∥wk–(t, s) –wk(t, s)∥∥ ≤ φ(t, s)pN (x, y)
a.e. s ∈ [, ],∀t ∈ [, ].
(PNn ) For n ≥  and y ∈ [x]NnG , the property PNn (x, y) is deﬁned inductively. Hence,
for (u, v) ∈ PNn (x, y), one has v ∈ [u]Nn+G and for all w ∈ H(x) such that u(t) =∫ 
 w(t, s)ds, there exists wˆ ∈H(y) such that v(t) =
∫ 
 wˆ(t, s)ds and
∥∥w(t, s) – wˆ(t, s)∥∥ ≤ φ(t, s)pNn (x, y) a.e. s ∈ [, ],∀t ∈ [, ].












w(t, s)ds ∀t ∈ [, ],




wˆ(t, s)ds ∀t ∈ [, ].
Thus, by (O), for i = , . . . ,N ,
ui(t) uˆi(t) ∀t ∈ [, ], or
uˆi(t) ui(t) ∀t ∈ [, ].
One has uˆ ∈ [u]NG , since
(u, . . . ,uN ), (uˆ,u, . . . ,uN ), . . . , (uˆ, . . . , uˆN )
is an N-directed path from u to uˆ. Also, (u, uˆ) ∈P(x, xˆ) and
pN (u, uˆ)≤
∥∥(u, . . . ,uN ) – (uˆ,u, . . . ,uN )∥∥ + · · ·
+
∥∥(uˆ, . . . , uˆN–,uN ) – (uˆ, . . . , uˆN )∥∥
= ‖u – uˆ‖
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Fix ε >  such that λ(+ε) < α. Let y ∈ [x]NG and u ∈ F(x). There exists (xk)Nk= anN-directed
path from x to y such that
N∑
k=
∥∥xk– – xk∥∥ ≤ ( + ε)pN (x, y).





wk(t, s)ds ∀t ∈ [, ],












≤ αpN (x, y).
By induction on n, it can be shown that, for every y ∈ [x]NnG and every u ∈ F(x), there exists
v ∈ F(y)∩ [u]Nn+G such that (u, v) ∈PNn (x, y) and
pNn+ (u, v)≤ αpNn (x, y).
Finally, (iii) implies that Condition (iii) of Theorem . is satisﬁed. Indeed, let {xn} be











{xn} is a Cauchy sequence converging to some x ∈ C([, ],E). Also, since (xn,xn+) ∈
PNn (xn–,xn) for all n ∈N, there exists wn ∈H(xn) such that xn+ =
∫ 
 wn(t, s)ds and
∥∥wn–(t, s) –wn(t, s)∥∥ ≤ φ(t, s)pNn (xn–,xn) a.e. s ∈ [, ],∀t ∈ [, ].
So,
∥∥wn(t, s)∥∥ ≤ ∥∥w(t, s)∥∥ + φ(t, s)
∞∑
n=
pNn (xn–,xn) a.e. s ∈ [, ],∀t ∈ [, ].
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It follows from the Lebesgue dominated convergence theorem that there exists w : [, ]×
[, ]→ E such that w(t, ·) ∈ L([, ],E) and










So, w ∈ E . Assumption (iii) implies that w ∈H(x), and hence x ∈ F(x).
Finally, Theorem . gives the conclusion. 
Remark . A multivalued map T : Ej → Ej is said to be
- nondecreasing upward (resp. downward) if for every xj ∈ Ej, v ∈ T(xj) and every xˆj ∈ Ej
such that xj  xˆj (resp. xˆj  xj), there exists vˆ ∈ T(xˆj) such that v vˆ (resp. vˆ v);
- nonincreasing upward (resp. downward) if for every xj ∈ Ej, v ∈ T(xj) and every xˆj ∈ Ej
such that xj  xˆj (resp. xˆj  xj), there exists vˆ ∈ T(xˆj) such that vˆ v (resp. v vˆ);
- nondecreasing (resp. nonincreasing), it is nondecreasing (resp. nonincreasing) upward
and downward.
Condition (ii) of the previous theorem implies thatHi is nondecreasing (resp. nonincreas-
ing) with respect to xj if σj(i) =  (resp. σj(i) = –).
Remark . Observe that Condition (iii) in the previous theorem is satisﬁed if x →
H(t, s,x) is upper semi-continuous (i.e. {x ∈ E :H(t, s,x)∩B = ∅} is closed for every closed
B⊂ E) a.e. s ∈ [, ] and all t ∈ [, ].
3.2 Some corollaries with mixed monotone conditions
We present some corollaries of our main result. In the particular case where H is single-
valued, we obtain the following result.
Corollary . Let h : [, ]× [, ]× E → E be a single-valued map. Assume the following
conditions hold:
(i) For every x ∈ C([, ],E), h(t, ·,x(·)) ∈ L([, ],E) for all t ∈ [, ], and
t → ∫  h(t, s,x(s))ds is continuous.















ds ψi(t) ∀t ∈ [, ].
(iii) For, i, j = , . . . ,N , the map xj → hi(t, s,x, . . . ,xj–,xj,xj+, . . . ,xN ) is nondecreasing
a.e. s ∈ [, ] and all t ∈ [, ], or it is nonincreasing a.e. s ∈ [, ] and all t ∈ [, ].
(iv) There exists φ : [, ]× [, ]→ [,∞[ such that
φ(t, ·) ∈ L([, ]) ∀t ∈ [, ] and sup
t∈[,]
∥∥φ(t, ·)∥∥ < ,
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and, for every x, xˆ ∈ C([, ],E) such that xi = xˆi for i = j and xj(s) xˆj(s) for all
s ∈ [, ], one has
∥∥h(t, s,x(s)) – h(t, s, xˆ(s))∥∥ ≤ φ(t, s)‖x – xˆ‖.
(v) For every x,xn ∈ C([, ],E), and hˆ : [, ]× [, ]→ E, one has hˆ(t, s) = h(t, s,x(s))
a.e. s ∈ [, ] and all t ∈ [, ], if
(a) xn → x and xn+(t) =
∫ 
 h(t, s,xn(s))ds for all t ∈ [, ] and all n ∈N;
(b) h(t, s,xn(s))→ hˆ(t, s) and ‖h(t, s,xn(s))‖ ≤Mφ(t, s) + ‖h(t, s,ψ(s))‖ a.e.
s ∈ [, ], all t ∈ [, ], all n ∈N, and for someM ≥ .








ds ∀t ∈ [, ]. (.)
Here is an a corollary of Theorem . whenH can be writtenH(t, s,x) = g(t, s)K(s,x) with
g single-valued.
Corollary . Let K : [, ] × E → E be a multivalued map with nonempty values and
g : [, ]× [, ]→ [,∞[N a single-valued map. Let p ∈ [,∞] and q its conjugate.Assume
the following conditions hold:
(i) For every t ∈ [, ], g(t, ·) ∈ Lq([, ],RN ) and t → g(t, ·) is continuous.
(ii) There exist ψ ∈ C([, ],E) and μ ∈ Lp([, ],E) such that μ(s) ∈ K(s,ψ(s)) a.e.




gi(t, s)μi(s)ds ∀t ∈ [, ], or
∫ 

gi(t, s)μi(s)ds ψi(t) ∀t ∈ [, ].




{∥∥l(·)g(t, ·)∥∥, . . . ,
∥∥lN (·)gN (t, ·)∥∥
}
< ,
and for j = , . . . ,N , there exists σj : {, . . . ,N} → {,–} such that, for every
x ∈ C([, ],E) and every k ∈ Lp([, ],E) such that k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], one
has, for every xˆ ∈ C([, ],E) such that xi = xˆi for i = j and xj(s) xˆj(s) for all
s ∈ [, ] (resp. xˆj(s) xj(s) for all s ∈ [, ]), there exists kˆ ∈ Lp([, ],E) such that,
a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),










) ∀i = , . . . ,N).
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(iv) For every x,xn ∈ C([, ],E) and for every k,kn ∈ Lp([, ],E) such that
kn(s) ∈ K(s,xn(s)) a.e. s ∈ [, ], one has k(s) ∈ K(s,x(s)) a.e. s ∈ [, ] if
(a) xn → x and xn,i(t) =
∫ 
 gi(t, s)kn–,i(s)ds for all t ∈ [, ], n ∈N, and i = , . . . ,N ;
(b) kn(s)→ k(s) and |kn,i(s)| ≤Mli(s) + |k,i(s)| a.e. s ∈ [, ], all i = , . . . ,N , all
n ∈N and for someM ≥ .








ds ∀t ∈ [, ], i = , . . . ,N . (.)
Now, we consider the initial value problem for a system of diﬀerential inclusions:
x′(t) ∈ K(t,x(t)) a.e. t ∈ [, ],
x() = r.
(.)
Corollary . Let r ∈ E and K : [, ]× E → E a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist ψ ∈ C([, ],E), ν ∈ L([, ],E) such that ν(s) ∈ K(s,ψ(s)) a.e. s ∈ [, ],








νi(s)ds ψi(t) ∀t ∈ [, ].
(ii) There exists l ∈ L([, ]) such that ‖l‖ <  and for j = , . . . ,N , there exists
σj : {, . . . ,N} → {,–} such that, for every x ∈ C([, ],E) and every k ∈ L([, ],E)
such that k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], one has, for every xˆ ∈ C([, ],E) such that
xi = xˆi for i = j, xj(s) xˆj(s) for all s ∈ [, ] (resp. xˆj(s) xj(s) for all s ∈ [, ]), there
exists kˆ ∈ L([, ],E) such that a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),










) ∀i = , . . . ,N).
(iii) For every x ∈ C([, ],E), xn ∈W ,([, ],E) and every k ∈ L([, ],E) such that
xn() = r, x′n+(s) ∈ K(s,xn(s)) a.e. s ∈ [, ], one has k(s) ∈ K(s,x(s)) a.e. s ∈ [, ] if
‖xn – x‖ → , x′n(s)→ k(s) a.e. s ∈ [, ] and
∥∥x′n(s)
∥∥ ≤Ml(s) + ∥∥ν(s)∥∥ a.e. s ∈ [, ],∀n ∈N for someM ≥ .
Then (.) has a solution.
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Proof Let H : [, ]× [, ]× E → E be given by
H(t, s,x) = r + χ[,t](s)K(s,x).
The conclusion follows from Theorem .. 
Remark . Observe that (i) of the previous corollary is satisﬁed if there exist
σ : {, . . . ,N} → {,–}, ψ ∈ W ,([, ],E) and ν ∈ L([, ],E) such that ν(s) ∈ K(s,ψ(s))
a.e. s ∈ [, ], and, for all i = , . . . ,N ,
if σ (i) = , ψi() ri, ψ ′i (s) νi(s) a.e. s ∈ [, ],
if σ (i) = –, ri  ψi(), νi(s) ψ ′i (s) a.e. s ∈ [, ].
In the particular case where N =  and E =R, such a function ψ is called a lower solution
(resp. upper solution) of (.) if σ () =  (resp. σ () = –).
We consider the periodic boundary value problem for a system of diﬀerential inclusions:
x′(t) ∈ K(t,x(t)) a.e. t ∈ [, ],
x() = x().
(.)
Corollary . Let K : [, ]×E → E be amultivaluedmap with nonempty values.Assume
the following conditions hold:
(i) There exist ψ ∈W ,([, ],E) and ν ∈ L([, ],E) such that ν(s) ∈ K(s,ψ(s)) a.e.
s ∈ [, ], and, for all i = , . . . ,N ,
ψi() ψ() and ψ ′i (s) νi(s) a.e. s ∈ [, ], or
ψi() ψ() and νi(s) ψ ′i (s) a.e. s ∈ [, ].
(ii) There exist ≤ l < a and for j = , . . . ,N , there exists σj : {, . . . ,N} → {,–} such
that, for every x ∈ C([, ],E) and every k ∈ L([, ],E) with k(s) ∈ K(s,x(s)) a.e.
s ∈ [, ], one has, for every xˆ ∈ C([, ],E) such that xi = xˆi for all i = j and
xj(s) xˆj(s) for all s ∈ [, ] (resp. xˆj(s) xj(s) for all s ∈ [, ]), there exists
kˆ ∈ L([, ],E) such that a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),




kˆi(s) + axˆi(s) – ki(s) – axi(s)




ki(s) + axi(s) – kˆi(s) – axˆi(s)
) ∀i = , . . . ,N).
(iii) For every x ∈ C([, ],E), xn ∈W ,([, ],E) and every k ∈ L([, ],E) such that
xn() = xn(), x′n+(s) ∈ K(s,xn(s)) + a(xn(s) – xn+(s)) a.e. s ∈ [, ], one has
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k(s) ∈ K(s,x(s)) a.e. s ∈ [, ] if ‖xn – x‖ → , x′n(s)→ k(s) a.e. s ∈ [, ] and
∥∥x′n(s)
∥∥ ≤Ml + ∥∥ν(s)∥∥ a.e. s ∈ [, ],∀n ∈N for someM ≥ .
Then (.) has a solution.





ea– , if ≤ s≤ t ≤ ,
ea(s–t)
ea– , if ≤ t < s≤ .












ds ∀t ∈ [, ], i = , . . . ,N .
The conclusion follows from Corollary .. 
Remark . In the particular case where N =  and E = R, the function ψ satisfying
Condition (i) of Corollary . is called a lower solution (resp. upper solution) of (.) if
σ () =  (resp. σ () = –).





g(t, s)l(s)ds < .
4 Results with nonincreasing type conditions
4.1 Hammerstein integral equations with nonincreasing type conditions
In the previous section, we established the existence of a solution to the system (.), where
allHi satisfy monotonicity type conditions with respect to each variable xj. In this section,
we consider a particular case where H satisﬁes a nonincreasing type condition. In this
particular case, the continuity condition (see Condition (iii) of Theorem .) can be weak-
ened. Also, the use of weak G-contraction will not be necessary in the proof, since the
associated operator will be a G-contraction.
Theorem . Let H : [, ]× [, ]× E → E be a multivalued map with nonempty values.
Assume the following conditions hold:




w,i(t, s)ds – x,i(t)
)
∀t ∈ [, ],∀i = , . . . ,N .
(ii) There exists φ : [, ]× [, ]→ [,∞[ such that
φ(t, ·) ∈ L([, ]) ∀t ∈ [, ] and sup
t∈[,]
∥∥φ(t, ·)∥∥ < ,
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and, for every x ∈ C([, ],E), w ∈H(x) and every xˆ ∈ C([, ],E) such that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N(
resp.  σ (i)(xi(s) – xˆi(s)) ∀s ∈ [, ],∀i = , . . . ,N),
there exists wˆ ∈H(xˆ) such that, a.e. s ∈ [, ] and all t ∈ [, ],
∥∥w(t, s) – wˆ(t, s)∥∥ ≤ φ(t, s)‖x – xˆ‖,
and
 σ (i)(wi(t, s) – wˆi(t, s)) ∀i = , . . . ,N(
resp.  σ (i)(wˆi(t, s) – wˆi(t, s)) ∀i = , . . . ,N).
(iii) For every xn ∈ C([, ],E) and wn ∈H(xn) such that
∞∑
n=





∥∥wn(t, s) –wn+(t, s)∥∥ ≤ φ(t, s)‖xn – xn+‖
a.e. s ∈ [, ],∀t ∈ [, ],∀n ∈N,
one has w ∈H(x), where ‖xn – x‖ →  and ‖wn –w‖ → .
Then (.) has a solution.
Proof We consider on C([, ],E) the graph Gr with V (Gr) = C([, ],E) and
(E(Gr)) one has (x, y) ∈ E(Gr) if and only if one of the following conditions hold:
(a)  σ (i)(xˆi(s) – xi(s)) for all s ∈ [, ] and all i = , . . . ,N ;





w(t, s)ds ∀t ∈ [, ].
It follows from (i) that (x,x) ∈ E(Gr) and x ∈ F(x).
We consider the following property:
(Pr) For (x, xˆ) ∈ E(Gr), we say that (u, uˆ) ∈ P r(x, xˆ) if for all w ∈ H(x) such that u(t) =∫ 




(b) ‖w(t, s) – wˆ(t, s)‖ ≤ φ(t, s)‖x – xˆ‖ a.e. s ∈ [, ], and all t ∈ [, ].
Let F be the associatedmultivaluedmap deﬁned in (.). It follows from (ii) that F satisﬁes
Condition (ii) of Theorem . with m = .
Finally, Condition (iii) of Theorem . follows from Assumption (iii). 
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Remark . If H satisﬁes (i) and (ii) of Theorem . with σ, . . . ,σN such that
σ(j)σj(i) = –σ(i) ∀i, j = , . . . ,N , (.)
then σ = σ satisﬁes (i) and (ii) of the previous theorem. Indeed, without loss of generality,
let x, xˆ ∈ C([, ],E) be such that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N .
Let w ∈H(x). By (ii) of Theorem ., there exists wˆ ∈H(xˆ,x, . . . ,xN ) such that
∥∥w(t, s) – wˆ(t, s)∥∥ ≤ φ(t, s)‖x – xˆ‖,
and
if σ () = ,  σ(i)
(
wˆi (t, s) –wi(t, s)
) ∀i = , . . . ,N ,
if σ () = –,  σ(i)
(
wi(t, s) – wˆi (t, s)
) ∀i = , . . . ,N .
So, by (.),
 σ (i)(wi(t, s) – wˆi (t, s)) = σ ()σ(i)(wˆi (t, s) –wi(t, s)) ∀i = , . . . ,N .
By the same argument, for j = , . . . ,N , there exists wˆj ∈H(xˆ, . . . , xˆj,xj+, . . . ,xN ) such that
∥∥wˆj–(t, s) – wˆj(t, s)∥∥ ≤ φ(t, s)‖xj – xˆj‖,
and
 σ (i)(wˆj–i (t, s) – wˆji(t, s)) = σ (j)σj(i)(wˆji(t, s) – wˆj–i (t, s)) ∀i = , . . . ,N .
Therefore, wˆ = wˆN ∈H(xˆ) is such that
∥∥w(t, s) – wˆ(t, s)∥∥ ≤
N∑
j=




= φ(t, s)‖x – xˆ‖,
and





wˆj–i (t, s) – wˆ
j
i(t, s)
) ∀i = , . . . ,N .
4.2 Some corollaries with nonincreasing type conditions
As in the previous section, we obtain as corollaries existence results for systems of diﬀer-
ential inclusions with initial value condition or periodic boundary value condition.
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Corollary . Let r ∈ E and K : [, ]× E → E a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist σ : {, . . . ,N} → {,–}, ψ ∈ C([, ],E), ν ∈ L([, ],E) such that
ν(s) ∈ K(s,ψ(s)) a.e. s ∈ [, ], and
σ (i)
(





  ∀t ∈ [, ],∀i = , . . . ,N .
(ii) There exists l ∈ L([, ]) such that ‖l‖ <  and for every x ∈ C([, ],E) and every
k ∈ L([, ],E) such that k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], one has, for every
xˆ ∈ C([, ],E) such that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N
(
resp.  σ (i)(xi(s) – xˆi(s)) ∀s ∈ [, ],∀i = , . . . ,N),
there exists kˆ ∈ L([, ],E) such that a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),
‖k(s) – kˆ(s)‖ ≤ l(s)‖xˆ – x‖, and
 σ (i)(ki(s) – kˆi(s)) ∀i = , . . . ,N
(
resp.  σ (i)(kˆi(s) – ki(s)) ∀i = , . . . ,N).
(iii) For every xn ∈W ,([, ],E) such that xn() = r, x′n+(t) ∈ K(s,xn(s)) a.e. s ∈ [, ],
∞∑
n=
‖xn – xn+‖ <∞,
and
∥∥x′n(s) – x′n+(s)
∥∥ ≤ l(s)‖xn– – xn‖ a.e. s ∈ [, ],∀n ∈N;
one has k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], where ‖xn – x‖ →  and ‖x′n – k‖ → .
Then (.) has a solution.
Corollary . Let K : [, ]×E → E be amultivaluedmapwith nonempty values.Assume
the following conditions hold:
(i) There exist σ : {, . . . ,N} → {,–}, ψ ∈W ,([, ],E) and ν ∈ L([, ],E) such that




)   and σ (i)(ψ ′i (s) – νi(s))   a.e. s ∈ [, ].
(ii) There exist ≤ l < a such that, for every x ∈ C([, ],E) and k ∈ L([, ],E) with
k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], one has, for every xˆ ∈ C([, ],E) such that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N(
resp.  σ (i)(xi(s) – xˆi(s)) ∀s ∈ [, ],∀i = , . . . ,N),
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there exists kˆ ∈ L([, ],E) such that a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),
∥∥k(s) + ax(s) – kˆ(s) – axˆ(s)∥∥ ≤ l‖xˆ – x‖,
and
 σ (i)(ki(s) + axi(s) – kˆi(s) – axˆi(s)) ∀i = , . . . ,N(
resp.  σ (i)(kˆi(s) + axˆi(s) – ki(s) – axi(s)) ∀i = , . . . ,N).
(iii) For every xn ∈W ,([, ],E) such that xn() = xn(),
∞∑
n=










∥∥x′n(s) – x′n+(s) + axn–(s) – axn(s)
∥∥ ≤ l‖xn– – xn‖
a.e. s ∈ [, ],∀n ∈N;
one has k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], where ‖xn – x‖ →  and ‖x′n – k‖ → .
Then (.) has a solution.
Remark. In the particular casewhereN = ,E =R andK is a continuous single-valued
map, the previous corollary is due to Nieto and Rodríguez-López [].
5 Results with nondecreasing type conditions
5.1 Hammerstein integral equations with nondecreasing type conditions
In the previous section, we considered the particular case where H satisﬁes a nonincreas-
ing type condition. In this section, we establish the existence of a solution to the system
(.) in the particular case where H satisﬁes a nondecreasing (upward or downward) type
condition.
Theorem . Let H : [, ]× [, ]× E → E be a multivalued map with nonempty values.
Assume the following conditions hold:




w,i(t, s)ds – x,i(t)
)
∀t ∈ [, ],∀i = , . . . ,N .
(ii) There exists φ : [, ]× [, ]→ [,∞[ such that
φ(t, ·) ∈ L([, ]) ∀t ∈ [, ] and sup
t∈[,]
∥∥φ(t, ·)∥∥ < ,
and, for every x ∈ C([, ],E), w ∈H(x) and every xˆ ∈ C([, ],E) such that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N ,
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there exists wˆ ∈H(xˆ) such that, a.e. s ∈ [, ] and all t ∈ [, ],
∥∥w(t, s) – wˆ(t, s)∥∥ ≤ φ(t, s)‖x – xˆ‖,
and
 σ (i)(wˆi(t, s) –wi(t, s)) ∀i = , . . . ,N .
(iii) For every xn ∈ C([, ],E) and wn ∈H(xn) such that
∞∑
n=





∥∥wn(t, s) –wn+(t, s)∥∥ ≤ φ(t, s)‖xn – xn+‖
a.e. s ∈ [, ],∀t ∈ [, ],∀n ∈N,
one has w ∈H(x), where ‖xn – x‖ →  and ‖wn –w‖ → .
Then (.) has a solution.
Proof We consider on C([, ],E) the graph Gd with V (Gd) = C([, ],E) and
(E(Gd)) one has (x, y) ∈ E(Gd) if and only if   σ (i)(xˆi(s) – xi(s)) for all s ∈ [, ] and all
i = , . . . ,N .
We consider the following property:
(Pd) For (x, xˆ) ∈ E(Gd), we say that (u, uˆ) ∈ Pd(x, xˆ) if for all w ∈ H(x) such that u(t) =∫ 




(b) ‖w(t, s) – wˆ(t, s)‖ ≤ φ(t, s)‖x – xˆ‖ a.e. s ∈ [, ], and all t ∈ [, ];
(c)  σ (i)(wˆi(t, s) –wi(t, s)) for a.e. s ∈ [, ], all t ∈ [, ] and all i = , . . . ,N .
It can be shown that the operator F deﬁned in (.) satisﬁes the assumptions of Theo-
rem .. 
In the next result, we show that the continuity type condition (iii) of the previous result
can be removed if one assumes that H has closed values and if the order on the Banach
spaces Ei satisﬁes an additional property.
Theorem . Let H : [, ]× [, ]× E → E be a multivalued map with nonempty closed
values. Assume that Assumptions (i) and (ii) of Theorem . are satisﬁed. In addition, as-
sume that the following conditions hold:
(iii)′ For every i = , . . . ,N , and every sequence {an} in Ei such that an → a and  
σ (i)(an+ – an) for all n ∈N, one has  σ (i)(a – an) for all n ∈N.
Then (.) has a solution.
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Proof Let Gd and Pd(x, xˆ) be the graph and the property introduced in the proof of the
previous theorem. As in its proof, it follows from (i) and (ii) that Assumptions (i) and (ii)
of Theorem . are satisﬁed.
We claim that F satisﬁes (iii) of Theorem . withm = . Let {xn} in T(F ,Gd,x) be such
that (xn,xn+) ∈Pd(xn–,xn) for all n ∈N and
∞∑
n=
‖xn– – xn‖ <∞.
This a Cauchy sequence converging to some x ∈ C([, ],E). Since (xn,xn+) ∈Pd(xn–,xn)
for all n ∈N, there exists wn ∈H(xn) such that xn+ =
∫ 
 wn(t, s)ds,
∥∥wn–(t, s) –wn(t, s)∥∥ ≤ φ(t, s)‖xn– – xn‖,
and
 σ (i)(wn,i(t, s) –wn–,i(t, s)) a.e. s ∈ [, ],∀t ∈ [, ],∀i = , . . . ,N ,∀n ∈N.
Also,
∥∥wn(t, s)∥∥ ≤ ∥∥w(t, s)∥∥ + φ(t, s)
∞∑
n=
‖xn– – xn‖ a.e. s ∈ [, ],∀t ∈ [, ].
It follows from the Lebesgue dominated convergence theorem that there exists w : [, ]×
[, ]→ E such that w(t, ·) ∈ L([, ],E) and









w(t, s)ds ∀t ∈ [, ].
So, w ∈ E . Also, by (iii)′,  σ (i)(xi(t) –xn,i)(t) for all t ∈ [, ] and all i = , . . . ,N . It follows
from (ii) that, for every n ∈N, there exists wˆn ∈H(x) such that
∥∥wn(t, s) – wˆn(t, s)∥∥ ≤ φ(t, s)‖xn – x‖,
and
 σ (i)(wˆn(t, s) –wn(t, s)) a.e. s ∈ [, ],∀t ∈ [, ],∀i = , . . . ,N .
Therefore,
wˆn(t, s)→ w(t, s) a.e. s ∈ [, ],∀t ∈ [, ].
The fact that H has closed values implies that w ∈H(x), and hence x ∈ F(x).
Finally, Theorem . gives the conclusion. 
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Remark . Assumption (ii) of Theorems . and . can be weakened by restricting the
condition to x ∈ C([, ],E) such that  σ (i)(xi(s) – x,i(s)) for all s ∈ [, ] and i = , . . . ,n.
So, Theorem . and . hold with (ii) replaced by
(ii)′ There exists φ : [, ]× [, ]→ [,∞[ such that
φ(t, ·) ∈ L([, ]) ∀t ∈ [, ] and sup
t∈[,]
∥∥φ(t, ·)∥∥ < ,
and, for every x ∈ C([, ],E), w ∈H(x) and every xˆ ∈ C([, ],E) such that
 σ (i)(xi(s) – x,i(s)) and
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N ,
there exists wˆ ∈H(xˆ) such that, a.e. s ∈ [, ] and all t ∈ [, ],
∥∥w(t, s) – wˆ(t, s)∥∥ ≤ φ(t, s)‖x – xˆ‖,
and
 σ (i)(wˆi(t, s) –wi(t, s)) ∀i = , . . . ,N .
5.2 Some corollaries with nondecreasing type conditions
We state existence results for systems of diﬀerential inclusions with initial value condition
or periodic boundary value condition which follow directly from the previous theorem.
Corollary . Let r ∈ E and K : [, ]× E → E a multivalued map with nonempty closed
values. Assume the following conditions hold:
(i) There exist σ : {, . . . ,N} → {,–}, ψ ∈ C([, ],E), ν ∈ L([, ],E) such that
ν(s) ∈ K(s,ψ(s)) a.e. s ∈ [, ], and
σ (i)
(





  ∀t ∈ [, ],∀i = , . . . ,N .
(ii) There exists l ∈ L([, ]) such that ‖l‖ <  and for every x ∈ C([, ],E) and every
k ∈ L([, ],E) such that k(s) ∈ K(s,x(s)) a.e. s ∈ [, ], for every xˆ ∈ C([, ],E) such
that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N ,
there exists kˆ ∈ L([, ],E) such that a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),
∥∥k(s) – kˆ(s)∥∥ ≤ l(s)‖xˆ – x‖,
and
 σ (i)(kˆi(s) – ki(s)) ∀i = , . . . ,N .
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(iii) For every i = , . . . ,N , and every sequence {an} in Ei such that an → a and
 σ (i)(an+ – an) for all n ∈N, one has  σ (i)(a – an) for all n ∈N.
Then (.) has a solution.
Corollary . Let K : [, ]× E → E be a multivalued map with nonempty closed values.
Assume the following conditions hold:
(i) There exist σ : {, . . . ,N} → {,–}, ψ ∈W ,([, ],E) and ν ∈ L([, ],E) such that




)   and σ (i)(ψ ′i (s) – νi(s))   a.e. s ∈ [, ].
(ii) There exist ≤ l < a such that, for every k ∈ L([, ],E) with k(s) ∈ K(s,x(s)) a.e.
s ∈ [, ], one has, for every xˆ ∈ C([, ],E) such that
 σ (i)(xˆi(s) – xi(s)) ∀s ∈ [, ],∀i = , . . . ,N ,
there exists kˆ ∈ L([, ],E) such that a.e. s ∈ [, ], kˆ(s) ∈ K(s, xˆ(s)),
∥∥k(s) + ax(s) – kˆ(s) – axˆ(s)∥∥ ≤ l‖xˆ – x‖,
and
 σ (i)(kˆi(s) + axˆi(s) – ki(s) – axi(s)) ∀i = , . . . ,N .
(iii) For every i = , . . . ,N , and every sequence {an} in Ei such that an → a and
 σ (i)(an+ – an) for all n ∈N, one has  σ (i)(a – an) for all n ∈N.
Then (.) has a solution.
Remark . In the particular case where N = , E = R and K is a continuous single-
valued map, the previous corollary is due to Nieto and Rodríguez-López [].
6 Other results
It could happen that amapHi satisﬁes at the same time a nonincreasing type condition and
a nondecreasing type condition with respect to some variables. For instance, for x, xˆ, x˜ ∈ E
such that x˜  x  xˆ and xj = xˆj = x˜j for j = , and for wi ∈ Hi(t, s,x), there could exist
wˆi ∈ Hi(t, s, xˆ), w˜i ∈ Hi(t, s, x˜) such that wi  wˆi and wi  w˜i. If such Hi is single-valued,
that would imply that Hi is constant with respect to x. However, in the multivalued case,
such a Hi does not need to be constant with respect to x. In this section, we consider the
system (.) in which some of the maps Hi satisfy this type of property. In some sense, we
combine assumptions used in Sections  and .








where N =N∗ +N∗∗. We write (x, y) ∈ E with x ∈ E∗ and y ∈ E∗∗.
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Theorem . Let H : [, ]× [, ]× E → E be a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist (x, y) ∈ C([, ],E), (v,w) ∈H(x, y), σ∗ : {, . . . ,N∗} → {,–} and




v,i(t, s)ds – x,i(t)
)




w,i(t, s)ds – y,i(t)
)
∀t ∈ [, ],∀i = , . . . ,N∗∗.
(ii) There exists φ : [, ]× [, ]→ [,∞[ such that
φ(t, ·) ∈ L([, ]) ∀t ∈ [, ] and sup
t∈[,]
∥∥φ(t, ·)∥∥ < ,
and, for j = , , . . . ,N∗∗, there is a map σj : {, . . . ,N∗∗} → {,–} such that, for every
(x, y) ∈ C([, ],E), (v,w) ∈H(x, y), one has




) ∀s ∈ [, ],∀i = , . . . ,N∗,
there exists (vˆ, wˆ) ∈H(xˆ, y) such that, a.e. s ∈ [, ] and all t ∈ [, ],




vˆi(t, s) – vi(t, s)
) ∀i = , . . . ,N∗,
 σ(i)
(
wˆi(t, s) –wi(t, s)
) ∀i = , . . . ,N∗∗;
(b) for j = , . . . ,N∗∗, and every yˆ ∈ C([, ],E∗∗) such that yi = yˆi for i = j and
yj(s) yˆj(s) for all s ∈ [, ] (resp. yˆj(s) yj(s) for all s ∈ [, ]), there exists
(vˆ, wˆ) ∈H(x, yˆ) such that, a.e. s ∈ [, ] and all t ∈ [, ],




vˆi(t, s) – vi(t, s)
) ∀i = , . . . ,N∗,
 σj(i)
(
wˆi(t, s) –wi(t, s)
) ∀i = , . . . ,N∗∗(
resp.  σj(i)
(
wi(t, s) – wˆi(t, s)
)) ∀i = , . . . ,N∗∗).
(iii) For every i = , . . . ,N∗, and every sequence {an} in Ei such that an → a and
 σ∗(i)(an+ – an) for all n ∈N, one has  σ∗(i)(a – an) for all n ∈N.
(iv) For every (x, y) ∈ C([, ],E), yn ∈ C([, ],E∗∗), (v,w) ∈ E and (vn,wn) ∈H(x, yn),
one has (v,w) ∈H(x, y) if
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(a) yn → y and yn(t) =
∫ 
 wn–(t, s)ds for all t ∈ [, ] and all n ∈N;
(b) (vn(t, s),wn(t, s))→ (v(t, s),w(t, s)) and
∥∥(vn(t, s),wn(t, s))∥∥ ≤Mφ(t, s) + ∥∥(v(t, s),w(t, s))∥∥
a.e. s ∈ [, ],∀t ∈ [, ],∀n ∈N, and for someM ≥ .
Then (.) has a solution.
Proof We consider on C([, ],E) the graph G∗ with V (G∗) = C([, ],E) and
(E(G∗)) one has ((x, y), (xˆ, yˆ)) ∈ E(G∗) if and only if one of the following conditions holds:
(i) y = yˆ and  σ∗(i)(xˆi(s) – xi(s)) for all s ∈ [, ] and all i = , . . . ,N∗;
(ii) x = xˆ and there exists j ∈ {, . . . ,N∗∗} such that, for all s ∈ [, ], yj(s) yˆj(s)
and yi(s) = yˆi(s) for all i = j;
(iii) x = xˆ and there exists j ∈ {, . . . ,N∗∗} such that, for all s ∈ [, ], yˆj(s) yj(s)
and yi(s) = yˆi(s) for all i = j.
We consider the following properties withm =N∗∗ + :
(P) For ((x, y), (xˆ, yˆ)) ∈ E(G∗), we say that ((u,μ), (uˆ, μˆ)) ∈P∗ ((x, y), (xˆ, yˆ)) if for all (v,w) ∈












∀t ∈ [, ],













∀t ∈ [, ];
(b) ‖(v(t, s),w(t, s)) – (vˆ(t, s), wˆ(t, s))‖ ≤ φ(t, s)‖(x, y) – (xˆ, yˆ)‖ a.e. s ∈ [, ] and all
t ∈ [, ];
(c)  σ∗(i)(vˆi(t, s) – vi(t, s)) a.e. s ∈ [, ], all t ∈ [, ], and all i = , . . . ,N∗.
(Pm) For (xˆ, yˆ) ∈ [(x, y)]mG , we say that ((u,μ), (uˆ, μˆ)) ∈ Pm((x, y), (xˆ, yˆ)) if there exist
((xk , yk))mk= and ((uk ,μk))mk= m-directed paths from (x, y) to (xˆ, yˆ) and from (u,μ)
to (uˆ, μˆ), respectively, such that ((uk–,μk–), (uk ,μk)) ∈ P∗ ((xk–, yk–), (xk , yk)) for


























∥∥(v(t, s),w(t, s)) – (vˆ(t, s), wˆ(t, s))∥∥ ≤ φ(t, s)pm((x, y), (xˆ, yˆ)),




vˆi(t, s) – vi(t, s)
) ∀i = , . . . ,N∗.
(Pmn ) For n≥  and (xˆ, yˆ) ∈ [(x, y)]mnG , the property P∗mn ((x, y), (xˆ, yˆ)) is deﬁned inductively.
Hence, for ((u,μ), (uˆ, μˆ)) ∈ Pmn ((x, y), (xˆ, yˆ)), one has (uˆ, μˆ) ∈ [(x, y)]mn+G and for all




























vˆi(t, s) – vi(t, s)
) ∀i = , . . . ,N∗.
It follows from (i) and (ii) that Assumptions (i) and (ii) of Theorem . are satisﬁed.
Finally, (iii) and (iv) imply that Condition (iii) of Theorem . is satisﬁed. Indeed, Let
{(xn, yn)} be such that (xn, yn) ∈ F(xn–, yn–) ∩ [(xn–, yn–)]mnG and ((xn, yn), (xn+, yn+)) ∈





(xn, yn), (xn+, yn+)
)
<∞.
So, there exist (x, y) ∈ C([, ],E) and (v,w) such that ‖(xn, yn) – (x, y)‖ → , and a.e.
s ∈ [, ] for all t ∈ [, ], ‖(v(t, ·),w(t, ·)) – (vn(t, ·),wn(t, ·))‖ → , (vn(t, s),wn(t, s)) →
(v(t, ·),w(t, ·)) and, by (iii),  σ∗(i)(xi(t, s) – xn,i(t, s)) for all i = , . . . ,N∗.
It follows from (ii) that, for every n ∈N, there exists (vˆn, wˆn) ∈H(x, yn) such that
∥∥(vn(t, s),wn(t, s)) – (vˆn(t, s), wˆn(t, s))∥∥ ≤ φ(t, s)‖xn – x‖ a.e. s ∈ [, ],∀t ∈ [, ].
Therefore,
(
vˆn(t, s), wˆn(t, s)
) → (v(t, s),w(t, s)) a.e. s ∈ [, ],∀t ∈ [, ].
Assumption (iv) implies that (v,w) ∈H(x, y), and hence (x, y) ∈ F(x, y).
Finally, Theorem . gives the conclusion. 
7 Examples
In this section, we present some examples to illustrate the previous theorems. For the sake
of simplicity, most of them will be given for systems of Hammerstein integral equations
and continuous functions.
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Example . Let E and E be twoBanach spaces endowedwith a partial order. For i = , ,
let gi : [, ]× [, ]→ [,∞) be continuous maps such that
sup
t∈[,]
∥∥g(t, ·) + g(t, ·)∥∥ < .
For i, j = , , let ai,j : [, ]×Ej → Ei be continuous functions satisfying the following con-
dition:




)  ai,j(s, uˆ(s)) and∥∥ai,j(s, uˆ(s)) – ai,j(s,u(s))∥∥ ≤ ‖uˆ – u‖ ∀s ∈ [, ],∀i = , .




 g(t, s)(a,(s,u(s)) – a,(s, v(s)))ds,
v(t) =
∫ 
 g(t, s)(–a,(s,u(s)) + a,(s, v(s)))ds, ∀t ∈ [, ].
(.)




 g(t, s)(a,(s,u(s)) – a,(s, v(s)))ds,
v(t)
∫ 
 g(t, s)(–a,(s,u(s)) + a,(s, v(s)))ds, ∀t ∈ [, ],
(.)
then Theorem . implies that there exists (u∗, v∗) ∈ C([, ],E × E) a solution of (.).
Indeed, ﬁx σ () =  and σ () = –. Let (u, v), (uˆ, vˆ) ∈ C([, ],E × E) be such that
 σ ()(uˆ(s) – u(s)) and  σ ()(vˆ(s) – v(s)) ∀s ∈ [, ];
that is
u(s) uˆ(s) and vˆ(s) v(s) ∀s ∈ [, ].
Let us denote for i = , ,






















It follows from (a) that
w(t, s) wˆ(t, s), wˆ(t, s) w(t, s),
and
∥∥wi(t, s) – wˆi(t, s)∥∥ ≤ gi(t, s)(‖uˆ – u‖ + ‖vˆ – v‖) ∀t, s ∈ [, ].
So,
 σ (i)(wˆi(t, s) –wi(t, s)) ∀t, s ∈ [, ],∀i = , ;
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and
∥∥(w(t, s),w(t, s)) – (wˆ(t, s), wˆ(t, s))∥∥
≤ (g(t, s) + g(t, s))∥∥(u, v) – (uˆ, vˆ)∥∥ ∀t, s ∈ [, ].
Thus, Assumption (ii) of Theorem . is satisﬁed. Assumption (i) follows directly from
(.), and (iii) is trivially satisﬁed.




 g(t, s)(a,(s,un–(s)) – a,(s, vn–(s)))ds,
vn(t, s) =
∫ 
 g(t, s)(–a,(s,un–(s)) + a,(s, vn–(s)))ds,
then {(σ ()un,σ ()vn)} is a nondecreasing sequence converging to (σ ()u∗,σ ()v∗), where
(u∗, v∗) is a solution of (.).
In the following example, we reverse the signs in the right member of (.).
Example . For i, j = , , let Ei, gi and ai,j be as in Example .. We consider the system




 g(t, s)(–a,(s,u(s)) + a,(s, v(s)))ds,
v(t) =
∫ 
 g(t, s)(a,(s,u(s)) – a,(s, v(s)))ds, ∀t ∈ [, ].
(.)




 g(t, s)(–a,(s,u(s)) + a,(s, v(s)))ds,
v(t)
∫ 
 g(t, s)(a,(s,u(s)) – a,(s, v(s)))ds, ∀t ∈ [, ],
(.)
then Theorem . implies that there exists (u∗, v∗) ∈ C([, ],E × E) a solution of (.).
The proof is analogous to the one given in the previous example by taking σ () = – and




 g(t, s)(–a,(s,un–(s)) + a,(s, vn–(s)))ds,
vn(t, s) =
∫ 
 g(t, s)(a,(s,un–(s)) – a,(s, vn–(s)))ds,
the sequence {(un, vn)} converges to (u∗, v∗). However, it is not monotone. In fact,
un  un+ and vn  vn+ if n is even,
un  un+ and vn  vn+ if n is odd.
We can also consider other signs in the right member of (.).
Example . For i, j = , , let Ei, gi and ai,j be as in Example .. We consider the system




 g(t, s)(θ,a,(s,u(s)) + θ,a,(s, v(s)))ds,
v(t) =
∫ 
 g(t, s)(θ,a,(s,u(s)) + θ,a,(s, v(s)))ds, ∀t ∈ [, ],
(.)
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where θi,j ∈ {–, } for i, j = , . We assume that there exist σ(),σ() ∈ {–, } and




 g(t, s)(θ,a,(s,u(s)) + θ,a,(s, v(s)))ds – u(t)),
≤ σ()(
∫ 
 g(t, s)(θ,a,(s,u(s)) + θ,a,(s, v(s)))ds – v(t)).
(.)
It follows from Theorem . that there exists (u∗, v∗) ∈ C([, ],E ×E) a solution of (.).
Indeed, let
σi(j) = θi,j for i, j = , .
For (u, v), (uˆ, v˜) ∈ C([, ],E × E) such that
u(s) uˆ(s) and v(s) v˜(s) ∀s ∈ [, ],
let us denote, for i = , ,

































It follows from Condition (a) in Example . that
 σi()
(








∥∥wi(t, s) – ŵi(t, s)∥∥ ≤ gi(t, s)‖uˆ – u‖,∥∥wi(t, s) – w˜i(t, s)∥∥ ≤ gi(t, s)‖˜v – v‖, ∀t, s ∈ [, ].
So, Assumption (ii) of Theorem . is satisﬁed. Assumption (i) follows directly from (.),
and (iii) is trivially satisﬁed.




 g(t, s)(θ,a,(s,un–(s)) + θ,a,(s, vn–(s)))ds,
vn(t, s) =
∫ 
 g(t, s)(θ,a,(s,un–(s)) + θ,a,(s, vn–(s)))ds,
the sequence {(un, vn)} converges to (u∗, v∗). However, it is not monotone. Moreover, we
can have
un  un+ and un  un+ ∀n ∈N,
vn  vn+ and vn  vn+ ∀n ∈N.
Here is an example where the contraction condition may not be satisﬁed between every
pairs of elements.
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ds, ∀t ∈ [, ], (.)












a,(t, s,u,u) – b,(t, s,u,u)
a,(t, s,u,u) – b,(t, s,u,u)
a,(t, s,u,u) + b,(t, s,u,u)
a,(t, s,u,u) + b,(t, s,u,u)
⎞
⎟⎟⎟⎠ ,
with ai,j, bi,j continuous functions satisfying the following conditions:
(a) There exists c, c ∈ (, ] such that, for every (x,x), (xˆ, xˆ) ∈R with x ≤ xˆ and
x ≤ xˆ, one has, for i = ,  and for all t, s ∈ [, ],
≤ ai,(t, s, xˆ, xˆ) – ai,(t, s,x,x)
≤ ci
(
ai,(t, s, xˆ, xˆ) – ai,(t, s,x,x)
)
,
≤ bi,(t, s, xˆ, xˆ) – bi,(t, s,x,x)
≤ ci
(
bi,(t, s, xˆ, xˆ) – bi,(t, s,x,x)
)
.



















and, for every (x,x), (xˆ, xˆ) ∈R such that x ≤ xˆ and x ≤ xˆ, one has for all
t, s ∈ [, ],
ai,(t, s, xˆ,xˆ) – ai,(t, s,x,x)≤ αi,(t, s)(xˆ – x) + αi,(t, s)(xˆ – x),
bi,(t, s, xˆ,xˆ) – bi,(t, s,x,x)≤ βi,(t, s)(xˆ – x) + βi,(t, s)(xˆ – x).




h(t, s, , )ds≤ θc
∫ 





h(t, s, , )ds≤ θc
∫ 

h(t, s, , ) ∀t ∈ [, ].
Then Corollary . implies that there exists u∗ ∈ C([, ],R), a solution of (.). Indeed,
for i = , , let Ei = R endowed with the norm ‖(x,x)‖ = max{|x|, |x|} and the partial
order
(x,x)i (xˆ, xˆ) ⇐⇒ ≤ xˆ – x ≤ ci(xˆ – x).
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It follows from (a) that, for all x = (x,x) xˆ = (xˆ, xˆ) and for all y = (y, y) ∈R,
≤ h(t, s, xˆ, y) – h(t, s,x, y)≤ c
(
h(t, s, xˆ, y) – h(t, s,x, y)
)
≤ h(t, s, xˆ, y) – h(t, s,x, y)≤ c
(
h(t, s, xˆ, y) – h(t, s,x, y)
) ∀t, s ∈ [, ].
So,
(
h(t, s,x, y),h(t, s,x, y)
)  (h(t, s, xˆ, y),h(t, s, xˆ, y)),
(
h(t, s,x, y),h(t, s,x, y)
)  (h(t, s, xˆ, y),h(t, s, xˆ, y)), ∀t, s ∈ [, ].
Similarly, for all x ∈R and all y yˆ, one has
(
h(t, s,x, yˆ),h(t, s,x, yˆ)
)  (h(t, s,x, y),h(t, s,x, y)),
(
h(t, s,x, y),h(t, s,x, y)
)  (h(t, s,x, yˆ),h(t, s,x, yˆ)), ∀t, s ∈ [, ].
Thus, Assumption (iii) of Corollary . is satisﬁed.
Conditions (a) and (b) implies that, for all y ∈R and all x xˆ, one has
∥∥(h(t, s, xˆ, y),h(t, s, xˆ, y)) – (h(t, s,x, y),h(t, s,x, y))∥∥
≤ a,(t, s, xˆ) – a,(t, s,x)
≤ α,(t, s)(xˆ – x) + α,(t, s)(xˆ – x)
≤ (α,(t, s) + cα,(t, s))‖xˆ – x‖.
Similarly, for all x xˆ and all y yˆ, one has
∥∥(h(t, s,x, yˆ),h(t, s,x, yˆ)) – (h(t, s,x, y),h(t, s,x, y))∥∥
≤ (β,(t, s) + cβ,(t, s))‖yˆ – y‖,∥∥(h(t, s, xˆ, y),h(t, s, xˆ, y)) – (h(t, s,x, y),h(t, s,x, y))∥∥
≤ (α,(t, s) + cα,(t, s))‖xˆ – x‖,∥∥(h(t, s,x, yˆ),h(t, s,x, yˆ)) – (h(t, s,x, y),h(t, s,x, y))∥∥
≤ (β,(t, s) + cβ,(t, s))‖yˆ – y‖.
Therefore, Assumption (iv) of Corollary . is satisﬁed.




h(t, s, , )ds,
∫ 







h(t, s, , )ds,
∫ 









h(t, s, , )ds,
∫ 

h(t, s, , )ds
)





h(t, s, , )ds,
∫ 






This ensures that Assumption (ii) is satisﬁed. Finally, it is clear that Assumptions (i) and
(v) hold. So, Corollary . implies the existence of u∗ ∈ C([, ],R) a solution of (.).
Here is an example of a system of Hammerstein integral inclusions.
Example . Consider the system of Hammerstein integral inclusions:
{
x(t) ∈ ∫  H(t, s,x(s), y(s))ds,
y(t) ∈ ∫  H(t, s,x(s), y(s))ds, ∀t ∈ [, ], (.)
where






H(t, s,x, y) = c(t, s, y) +
⎧⎨
⎩
[ x– ,  – ex/] if x < ,




 – x+ if x≥ ,






y+ if y≥ ,
 – –y if y < ;
c(t, s, y) = (t + )(y – )√s .
For (x, y), (xˆ, yˆ) ∈R such that x≤ xˆ and y≥ yˆ, and for u ∈H(t, s,x, y), v ∈H(t, s,x, y), one
has






v = c(t, s, y) + z for some z ∈
⎧⎨
⎩
[ x– ,  – ex/] if x < ,
[ – (x + ), e–x/] if x≥ .
Let
uˆ = a(xˆ)b(yˆ) + (ts) max
{
w,  – yˆ
}
,
vˆ = c(t, s, yˆ) +
⎧⎨
⎩
min{z,  – exˆ/}, if xˆ < ,
min{z, e–xˆ/} if xˆ≥ .
Observe that
(uˆ, vˆ) ∈ (H(t, s, xˆ, yˆ),H(t, s, xˆ, yˆ)), u≤ uˆ and vˆ≤ v.
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Also,












)(|xˆ – x| + |yˆ – y|),
|vˆ – v| ≤  |xˆ – x| +
(t + )
√s |yˆ – y| ≤
(t + )
√s
(|xˆ – x| + |yˆ – y|).
So,
∥∥(uˆ, vˆ) – (u, v)∥∥ ≤ φ(t, s)∥∥(xˆ, yˆ) – (x, y)∥∥,
with








∥∥φ(t, ·)∥∥ < .
Therefore, (H,H) satisﬁes Assumption (ii) of Theorem . with σ () =  and σ () = –.
Let us take (x, y) = (, ) and
(





, –(t + )√s
)





u(t, s)ds and ≥
∫ 

v(t, s)ds ∀t ∈ [, ].
So, Assumption (i) of Theorem . is satisﬁed. It is easy to see that (H,H) satisﬁes As-
sumption (iii). Therefore, Theorem . ensures that (.) has a solution.
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